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Abstract 



Grassmann- valued Dirac fields together with the electromagnetic field (the 
pseudoclassical basis of QED) are reformulated on spacelike hypersurfaces in 
Minkowski spacetime and then restricted to Wigner hyperplanes to get their 
description in the rest-frame Wigner-covariant instant form of dynamics. The 
canonical reduction to the Wigner-covariant Coulomb gauge is done in the rest 
frame. It is shown, on the basis of a geometric incosistency, that the descrip- 
tion of fermions is incomplete, because there is no bosonic carrier of the spin 
structure describing the trajectory of the electric current in Minkowski space- 
time, as it was already emphasized in connection with the first quantization 
of spinning particles in a previous paper. 



July 1998 



1 



Typeset using REVT^ 



I. INTRODUCTION 



In a series of papers inspired by Ref. the canonical reduction to a generalized 
noncovariant Coulomb gauge of the standard SU(3)xSU(2)xU(l) model of elementary par- 
ticles was obtained by using the Shanmugadhasan canonical transformation [see Refs. 
for reviews]. 

In Ref. [§,0 there was the definition of a new type of instant form of dynamics, the 
rest-frame 1-time Wigner-covariant instant form, which generalizes to special relativity the 
canonical separation of the center of mass from the relative variables of an isolated system. It 
required the reformulation of classical isolated systems on arbitrary spacelike hypersurfaces 
foliating Minkowski spacetime (covariant 3+1 splitting), in a way which is suited to the 
coupling to the gravitational field. The canonical reduction of tetrad gravity fTO] will, then, 
open the path to get a unified Hamiltonian description of the four interactions. 

Therefore, one now has nearly all the technology needed to reduce the standard model 
to a rest-frame Wigner-covariant generalized Coulomb gauge. This has been done for its 
bosonic part in Refs. P,|9|,p!T| , where the coupling of positive energy charged scalar particles 
plus the electromagnetic and color Yang-Mills fields was studied in the rest-frame Wigner- 
covariant instant form. 

If one makes the canonical reduction of the gauge degrees of freedom of the isolated sys- 
tem in the rest-frame instant form on the Wigner hyperplane, one gets the rest-frame Wigner- 
covariant generalized Coulomb gauge in which the universal breaking of covariance is re- 
stricted to the decoupled center-of-mass variable. However, as shown in Refs. [p^P,p!T|, the re- 
gion of spacetime over which this noncovariance is spread, is finite in spacelike directions and 

identifies a classical intrinsic unit of length, the M0ller radius p = a/— H^/P^ = \S\/\/P^, 

where > and W"^ = —P^S are the Poincare Casimirs and S the Thomas rest-frame 
spin of the isolated system respectively. This unit of length gives rise to a physical intrinsic 
ultraviolet cutoff at the quantum level in the spirit of Dirac and Yukawa. 

To get the description of the standard model on spacelike hypersurfaces one still needs 
the formulation of fermions on them. This is also needed for treating the fermions in general 
relativity: given their coupling to tetrad gravity (see for instance Refs. [l^,!^) one needs this 



formulation to arrive at the ADM canonical formalism based on 3+1 splittings of the globally 



hyperbolic asymptotically flat spacetime. However, as can be seen in Refs. [|14[, where there 
is known on the subject, in general one restricts himself to hyperplanes x° = const, and 
there is no real discussion of the Dirac brackets associated with the second class constraints. 

As a first step, in a previous paper |TB[ there was the study of positive energy charged 
spinning particles plus the electromagnetic field, to which we refer for a review of the ap- 
proach and for the problematic concerning the spin structure of these particles. 

In this paper we shall study the formulation of Grassmann-valued Dirac fields plus the 
electromagnetic field on spacelike hypersurfaces in Minkowski spacetime. This is the pseu- 
doclassical basis of QED. 

In Section II there is the description of Grassmann-valued Dirac and Maxwell fields on 
spacelike hypersurfaces in Minkowski spacetime. 

In Section HI there is their restriction to arbitrary spacelike hyperplanes, while in Section 
IV there is the rest-frame description on Wigner hyperplanes. 
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In SEction V there is the canonical reduction of the system to the Wigner-covariant 
Coulomb gauge: a canonical basis of Dirac's observables is found and the reduced Hamilton 
equations are determined. 

In the Conclusions there are some comments on the incompleteness of the description of 
fermions and on their quantization. 

In Appendix A there is a review on the foliations of Minkowski spacetime with spacelike 
hypersurfaces. 

In Appendix B there is a discussion on the Lagrangian for Dirac's fields on spacelike 
hypersurfaces. 

In Appendix C there are the transformation properties of Dirac's fields under Wigner 
boosts. 
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II. DIRAC AND MAXWELL FIELDS ON SPACELIKE HYPERSURFACES. 



As in Ref. [Q, let us consider a 3+1 splitting of Minkowski spacetime with a family of 
spacelike hypersurfaces S^, whose points z'^{t, a) are labelled by Lorentz-scalar parameters: 
i) r labelling the leaves of the foliation; ii) a giving curvilinear coordinates on each leave. 
The coordinates z^^lr, a) will be the fields describing the hypersurface. See Appendix A for a 
review of notations and concepts, in particular for the flat tetrads c?) and their inverse 
cotetrads z^{t, a), connected to the 3+1 splittings. 

On the hypersurface Hr, we describe the electromagnetic potential and field strength 
with Lorentz-scalar variables A^(r, a) and F4^(r, a) respectively, defined by 

FABi-r, ^) = dAA^ir, a) - d^A^ir, a) = z\{r, a)4(r, d)F^^{z{T, a)), (1) 

and knowing the embedding of the spacelike hypersurfaces in Minkowski spacetime by con- 
struction. 

The Grassmann-valued Dirac field on will be 

i){T,d) = i){z{T,d)), 4){T,a) =ilj{z{T,a)) =ip\T,a)Y- (2) 

Since the field is Grassmann-valued, its components ipa{j,a), [a = 1,..,4 are spinor 
indices], satisfy 

^„(r, a)ipi3{T, a) + ^^^(r, a)tpa{T, a) = 0, 
^a{r, a)'ijjp{T, a) + ^ppir, a)i)^{T, a) = 0, 

i'ai'T, a) + V^^(r, ^) = 0- (3) 

In Appendix B there is a discussion of the coupling of tetrad gravity to fermion fields 
and of how to reexpress it after a 3+1 sphtting of spacetime so to be able to define the 
Hamiltonian formalism. After a restriction to Minkowski spacetime, with the previous 3+1 
splitting, we get the form of the Lagrangian for Dirac fields on spacelike hypersurfaces 
[see Eq.M] 



C{t, a) = iV(r, a)^^{T,a)[l^i,{T, d)i^zi{T, a) {d^ - leA^ir, a)) ^(r, a) + 



- {d^ + ieA^{T, a)) V^(r, a)z^ (r, a)7^V^(r, a) - mil){T, a)i){T, a)] + 
N(t, a)\/'y(T, a) 

: /^(^, a)FAB(r, a)F^^(r, a). (4) 



It is convenient to take as Lagrangian variables [since we will not use any more the 
notation iIj{z{t, a)), no confusion will arise] 

ijj =^f7'^P■ (5) 
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Since on spacelike hyperplanes [§ one has 7(r, cr) = 1, there we shall recover ip = ip. 

Eq.(^) becomes [see Appendix A for the definition of the lapse and shift functions A^, 
N''; see also Ref. Q] 



1 -7, 



L{r, a) = N{t, a)[-^(r, a)7'^<(r, a) (d^ - zeA^(r, a)) ^(r, a) + 



g^'^ir, a)g^^{T, a)F^l^{T, a)F^^{T, a) 



+ -NY'zsf.{^r{dr-teAr)tlj- 

- (Of + ieAf)tjjY^) - Nmtjjtjj]{T, a) - 



+ ^Y'r'FruFs,]ir,a). 



(6) 



The canonical momenta are [Ef = Ffr and Bf = \^fstFst i^fst = ^^^^) ^i-re the electric and 
magnetic fields respectively; for g^j^ rj^^ one gets vr'' = —Ef = E^] 



TCa{r, a) 



vr„ r, a 



TT r, cr 



dCjr, a) 

d{dri^a) 
dCjr, a) 

d{dr1pa) 

d^Cjr, a) 

d{drAr) 

d^C{T, a) 



/a 



-f{T, a) 



d{drAf 
7(r, a) 



-.Y\r,a){F^s- gr^l'''F^,){r,a) 



7^'^(r, a){E,{T, a) + g^^{T, a)7""(r, B)e^stBi{r, a)), 



-7 [T,a}z^sVr,a, 



dfipir, a)YipiT, a) + m^/'(r, a)ip{T, a) + 



+ 



7'^^(r, a)7™(r, a)F,^(r, a)F,,(r, a) + 



- e7'''(r, a)zy-s{'r, S)Af{T, a)ip{T, a)Yi^{r, + 
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+ Zf^sir, a)Y'{T, a)|-/^(r, a) [^(r, a)Ydt:^{T, a) + 

+ Ffu{T, CT)7r"(T, a) + eAf{T, a)'4){T, a)Ylu{T, a)ilj{r, a)}. 

They satisfy the Poisson brackets 

{^„(r, a),7r3(r, a')} = {7r/3(r, a'), ^a(^, (?)} = -SapS^ia - a) 
{V'a(T, a),TTp{T, a')} = {%(r, a'),i>a{r, a)} = -5a/35^(a - a') 

{A^{r,a),n^{T,a')}^45\a-a'). 
The primary constraints are 

Xa{r, a) = 7r«(T, ff) + ^ {l^^{r, a))^ 1^{t, a) « 0, 



0, 



'H^,{r, a) = p^{r, a) - l^{r, a){- ^Y'i^, ^)zvs{t, B) ['0(r, a)Ydfijj{r, a) + 



1 



+ 



2v'7(r,a) 



7^^(t, a)7"^(r, a)F,^,(T, B)F,,{t, B) + 



- 67''^ (r, B)z^s{r, B)Ai^{T, a)ilj{T, a)Yilj{r, B)} + 
+ B)z^s{r, ct){^/^(t, a) ['0(r, a)Ydri^{T, a) + 

+ Fj.ii(T, a)7r"(r, a) + eAf{T, a)^p{T, a)Ylv{T, a)i}{T, a)} fti 0. 



(7) 



(8) 



(9) 



In 7iju(T, ct) the coefficient of /^(r, a) is the energy density T'^'^{t, a) of the isolated 
system, while the coefficient of Zf.^{T, a) is the 3-momentum density T'^^{r, a). 
The canonical and Dirac Hamiltonians are 

j (fcr - TTair, a)dripa{T, B) - TTair, a)dr'ipa{T, B) + 7r^(T, CT)9^A^(r, a) + 



d^aT{T, a)AT-{T, a), 



Ho^Jd^- A,(r, a)r(r, a) + A'^(r, a)n^(T, a) + a,(T, a)xa(r, a) + 



+ Xa{r, a)a«(r, a) + /x^(t, a)7r^(r, a) 



(10) 
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where A'*, Hr- o-a are Dirac multipliers [ odd multipliers]. 

The constraints Xa, Xa, ^-re second class, because they satisfy the Poisson brackets 

{Xa{r, ^')} = -i il%ir, S\a - a'). (11) 

It is not convenient to go to Dirac brackets with respect to them at this stage, because 
the fundamental variables would not have any more diagonal Dirac brackets; the elimina- 
tion of these constraints will be delayed till when the theory will be restricted to spacelike 
hyperplanes. 

The constraints H-fiir, a) ~ imply that the description is independent from the choice 
of the family of spacelike hypersurfaces used to foliate Minkowski spacetime. Since these 
constraints do not have zero Poisson brackets with Xai Xa 

{^±(r, a),xa(r, a')} = iY'(r, a)z,,(r, a) (d,^(r, a)r)jH^ - + 
+ ^(^(r, a)7^)„9,(7%s)(r, a)5\a - a') + 
+ mipa{T, a)6^{a-a') + 

- eY'ir, a)z,,{T, a)A,{T, a)(^(r, a)Y)jHa - a'), 
{n±{T, a),Xair, a')} = iY'{r, a)z,,{r, a)(7^9,^(r, a))J\a a') + 

+ liri^ir, a))^d,{Y'z,,){r, a)S%a - a') + 

- mipaiT, a)5^{a — a') + 

{Hrir, a), Xa(T, B')} = -idSir, ^h^J^ir, B)S'{a - a') + 

+ eA,{T, a)(^(r, a)Y)J^.{r, a)5%a - a'), 
{nr{T,a),Xa{T,a')} = -^^,{YHr, B)) Mr, a)6\a - a') + 

- eA,{r, a)iri^iT, a))J,{T, a)5\a - a'), (12) 

where 

n,{r, a) = z^{t, a)n^{r, a) ^ 0, (13) 
it is convenient to introduce the new constraints 

^) ^ ~ / ^^"^{^i^i^^ B),X(3{t, u))i{Ylfx{r, u))^pXa{r, u) + 

- j d^ui'Hf.iT, a), xpir, u)}i{Yl^^{r, u))^^Xa{r, u) ^ n^,{T, a) ^ 0, 

{ni{T,a),Xa{r,a')} ^ 0, {7i*(T, a), Xa(T, a')} ~ 0, 
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{7i:(r,a),K(r,^')} 



7r'^{T, a) 



+ 



Zuix{t-, ^h^'^'i^, ^)Ffs{r, ^h'^'i^, ^)zvuir, a) 
r(T, a)S^{a - a') ^ 0. 



(14) 



where r(r, a) ~ 0, the Gauss law constraint, will be defined in the next equation. Therefore 
the constraints 7i* (r, a) ^ are constants of the motion and first class. 

The time constancy of 7r'^(T, a) 0, i.e. dr n'^{r, a) = {7r'^(T, a), Ho} ~ [= means eval- 
uated on the solution of the equations of motion] , gives the Gauss law secondary constraint 



r(r, a) = df 7r'^(r, a) + e^(r, a)7^/^(r, a)^/'(r, a) ^ 0. 



(15) 



Since we have 



{r(r, a), Xa{T, a)} = -ei)p{T, a){-f^lf,{T, a))pj^{a - a), 
{r(r, a),Xa{r, a')} = e(7''/^(r, a))apilJp{T, a)S^{a - a), 

let us define 

r*(r, a) = r(r, a) + ie[xai^a + i>aXo\{T, B) ~ 0. 

This new constraint satisfies 

{r*(T, ct), Xa(T, B')}^ -iexa(r, a)5^(a -a), 
{r*(T, a),Xa(r, ct)} = iexa(r, a)5^(a -a), 

{r*(r,a),r(r,a')}^0, 
{r(T,a),7r-(T,a')} = 0. 



(16) 



(17) 



(18) 



Therefore, r*(r, a) ~ is a constant of motion and a first class constraint like 7r^(r, a) ~ 0. 
The time constancy of Xa, Xa 

drXair, a) = {xa{T, a), Hd] = -eAr{T, a) {ip{T, a)-t'')J^{T, a) + 
+ m0{r, a)(7''/^(r,a))^„^0, 

drXocir, B) = {xa{T, B), Hd} = eA^{T, B) l^{r, B){Y'^{r, B))^ - 

-za^(T,a)(7%(T,a))„^«0, (19) 



gives 



aa(T, B)xa{r, B) + aa(T, B)Xa{T, B) fa -ieA^{T, B){xai>a + i>aXa){r, B), 
so that the final Dirac Hamiltonian is 

Hd^ j d^(T[- A,{t, a)P(r, B) + V{t, B)n;{T, B) + /x,(t, a)7r^(r, B) 



(20) 



(21) 



8 



in which only the first class constraints 7i*, vr^, T* appear. 
One can show that the 10 Poincare generators 



d^crp^{T, a), 



I 



+ 



+ - / rfV 7r(r,a)a^'^V^(r,a) +^(r,a)(T^'^7r(r,a) 



(22) 



and the electric charge [see Ref. [jT| for the boundary conditions on the fields and for the 
extraction of this weak charge from the Gauss law first class constraint] 



Q = -e d^a ^(r, CT)7%(r, a)^(r, a) 



(23) 



are constants of the motion. 

Let us note that like 7° the matrix j^l^lr, a) satisfies [7^/^(r, a)]^ = I and that we have 
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III. RESTRICTION TO SPACELIKE HYPERPLANES. 



As in Ref. let us restrict ourselves to spacelike hyperplanes by adding the gauge 
fixings 



(M(r, a) = z^{t, g) - a;^(r) - h't{T)a^ ^ 0, 



{C^(r,a),K(^,^')} 



(24) 



and the Dirac brackets 

{A BY = {A B}- j C'{r. ^)}{K(r, a), 5} + 

-{AH;(r,a)}{ar,a),i?} . 



(25) 



The hyperplane Tj^-h is described by 10 configuration variables: an origin x^(r) and 
the 6 independent degrees of freedom in an orthonormal tetrad &^(t) [b^rj^^b'j^ = r]^^] 
with = l'^, where P is the r-independent normal to the hyperplane. Now, we have 
z'^{T,a) = 6^(r), z^iT,cr) = i;^(r) + 6^(r)a^ grsir,a) = -5,,, Y'ir,^) = -6'', lir,a) = 
det gfs{T,(r) = 1. The nonvanishing Dirac brackets of the variables x^, p^, 6^, 5*^*^, A^, n^, 

are [C:^^"^ = r]':!^7]2r]^^ + r/^r/fr^'^" — r]^r]^r]^°' — rjt^rjfri'^f^ are the structure constants of the 
Lorentz group] 



{Sr{r),b'ir = r^^''b't{T)~^^%'^j^{T), 

{si!''{T),sf{T)r = c^r's]\T). 



(26) 



While is the momentum conjugate to x^, the 6 independent momenta conjugate to 
the 6 degrees of freedom in the 6^'s are hidden in S^'^, which is a component of the angular 
momentum tensor 



Lf = x^(r)pr-<(r)p^, 

= 6^(r) / £aa'p''{T,a) - 6;;(r) / rfVcT>^(r, a) 



TT 



(r, a)(T^'^^/'(r, a) + ^(r, a)a^'^7r(r, a) 



(27) 



The relations 



{5^^^„(r,a)r = -(a^-^(r,a)) 



a' 



a' 



(28) 
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show that S\p is the generator of the symplectic action of the Lorentz transformations on 
the Dirac fields. 

Since by asking the time constancy of the gauge fixings (^) we get A'^(r, a) = 
+ A'^^(r)6^(r)a^ A'^(r) = -x^(r), \^'^{T) = -A'^^(r) = \T.fUK - KK]{^)^ the 
Dirac Hamiltonian becomes 

H!, = \^{r)H;{r) - \x^^{r)H;,{r) + [ rfVf - A.(r, a)r (r, a) + /i.(r, a)7r^(r, 5)] , (29) 



where 



H;Ar) = h^r{T) J d'aa'ni{r,a)-Kf{r) J d'aa'^Hlir, a) ^ 0. 
On Ht-h the second class constraints have the form 

Xair, a) = 7r„(r, a) + f (V^(r, a)Y)J>^lT ~ , 

a), Xp{r, a')}* = -iiYb^,^)^J%a - a'), 



(30) 



(31) 



and can be eliminated by introducing the Dirac brackets 

{A,BYj, = {A, BY - I d\{A,Xc.{r,u)Yi{^^h^r)Axp{r,u),BY + 



d'^uiA, Xa{T, u)Yi{l''h^r)^^{xp{T, u), BY- 



Now we get H;{t) ^ H,{t) = J d'an,{T,a), H;,{t) 
h,,{T) J dWHlir, a) - Kr-{r) J dWn;{r, a), 



(32) 



^7 ^ - y d'ab^Mr, a)[Y, a^1+^(r, a), 



and 



{i/ja{r, a), i)p{T, a')YD = -^(7''V)a/3^^(^ - 

ickets of the va 
brackets. Now only the total spin 



(33) 



(34) 



while the Dirac brackets of the variables x'^, p^, 6^, A^, tt^ are left unaltered by the new 



D — -t- , 

satisfies a Lorentz algebra, since we have 



(35) 
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{Lf ,5"^};^ = {Lf ,5°^}* = 0, 
The Dirac Hamiltonian becomes 

+ j Sa[~ Ar{T, a)r(r, a) + /i^(r, a)7r^(r, a) 

and contains all the first class constraints 

r(r, a) = dfTT^ir, a) + eV^(r, a)-f''b^ripir, a) ^ 0, 
7r^(r, a) ^ 0, 



+ 



+ 



+ 



(r)A^(r, a)i){T, a)Y'ipir, a) 



- d,i^{T, a)Yi^ir, a)) + (7f(r, a) A B{t, a))^ + 
+ eAf{T, a)i!{T, a)YKTi'ir, a)] ^ 0, 
H'^'^^t) = I d^ab'iiT)a'n''iT, a)- I d^ab^ryn'^iT, a) = 

[b';{TK-b'i{TK) f d'aa'[h,,{T){^iT,a)YdM 



+ 



+ 



- dsij{T, a)7^^(r, a)) + ( 7f (r, o) A fi(r, a)) ^ + 



+ eAa(r, a)il){T, a)Ybpri^{T, a) 



0, 



with [see Eq.(|3)] 
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{niir, a),n:{T, a')} = {ni{r, a),n:{r, a')}* ^ {n,(r, B),n.{T, a')}^ ^ 0. (39) 
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IV. THE REST-FRAME DESCRPTION ON WIGNER'S HYPERPLANES. 



The next step [§] is to select all the configurations of the isolated system which are 
timelike, namely with > 0. For them we can boost at rest with the standard Wigner 

boost L^^j^{Ps^ps) for timelike Poincare orbits all the variables of the noncanonical basis x^{t), 

Ps 5 ^^('^) ' ^s'^i''') ' ^^(''"5^) 5 ^"^(t^c?), ^(t, (?), i'i'T,^) with Lorentz indices (except p^). 

Let us now introduce the new variables [see Ref. and Appendix C; they are obtained 
with a canonical transformation e'^^ ''^*^^"-*^, whose generator is given in Eq.(|C5|)] 



u{PsW^{T)=Li{p,,Ps)h%{T) 



x'iir) - 



Vs^pHp^s + Vs^pI) 
1 



Ps,s''>^ + VsM(s''^-s' 



iQvPsuPs 



Pi 



+ 



Vs\JPt 

p^ + 2r7s-y/p2^MO 

VsJi^sip^s + VsJri) 



{pI + Vs\pI 



+ 



stp: 



P's = P's, 



= 3^"^ + 



A^ir, a) 



2 P 



7r^(T, a) 



Vs\/p^{p°s + Vs\/p: 

i) (r, a) = SiL{Ps,Ps)MT, a), 
ij (r, a) =^P{T,a)S-\L{Ps,Ps)), 
where rjg = sign p^ and 

S^"" = 4HPs))4{u{Ps))S^' 



Pspis^^p's - ^^x) + vsJfsis'^p: - s^'p^) 



(40) 



(41) 



the "rest-frame spin tensor" (or "Thomas spin tensor") [ the S^^^s satisfy a Lorentz algebra]. 
Now the Lorentz generators are 



The new variables have the following Dirac brackets [see Appendix C] 

{x^,p:rn = -v''', 



(42) 



0, 



{pI + VsJpI 
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Moreover, we have 



I r 
2 



Ps) a'^^^T^a), 
1 



<9p. 



a 



roAB qCDx* _ r^ABCDoEF 
X'^ ) ^ SD — ^EF ' 



(43) 



(44) 



{^^^,^(r,a)}l, = -<5^<5fa"^^(r,a), 
{5^^^(r,a)}l, = -^|(r,a)5f5,^a"^. 



(45) 



The new canonical origin x^(r) is not covariant, since under a Poincare transformation 
(a, A) it transforms as H] 



X 



d 



, , -^,,i?;,(A,p,)^i?^,(A,p) 



(46) 



As shown in Ref. 0, we can restrict ourselves to the Wigner hyperplane S^^y with 
Ifj, _ ut^(^p_^^ [i.e. orthogonal to p^] with the gauge fixings 



^^=i(M(Ps)) ~ 

whose time constancy implies \^'^{t) ^ 0. After having introduced the Dirac brackets 

{A, BY* = {A,B}}, -^[{A,H^'}},{r^,^ef{u{ps)) - r^s.e^ {u{ps))){T^, B}*^ + 
+ {A,T^}l,(r/..6j(n(p,)) -r/.,ef(n(p,))){^'^M?}J,; 



(47) 



(48) 



we get 6^(r) = L^'A{Ps,Ps) and H^"'{T) = 0, namely the determination of S^" = S^"" - S^^" 
in terms of the variables of the system. The remaining variables form a canonical basis 
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{A^(r,a),7r^(r,a')}^;=r^f5^(<?-cr'), 

{7^1 (r, a), 1^ (r, a')}^ = -^(7°")a/?5'(^ - <?')• (49) 



As shown in Ref. [§, the dependence of the gauge-fixing (^Qj) on imphes that the 
Lorentz-scalar indices A become Wigner indices A: i) 74^=T-(r, a) is a Lorentz-scalar field; 
ii) AA=r{T,(T), are Wigner spin 1 3- vectors which transform with Wigner rotations under 
the action of Minkowski Lorentz boosts. In particular, 7° = 7"^ is a Lorentz scalar matrix, 
while Y form a Wigner spin 1 3-vector. Therefore, we have a Wigner- covariant realization 
of Dirac matrices 

7^= (7'; {7'^}, r = 1,2,3), 

[7^,7^], =2r/^^, (50) 



like in the Chakrabarti representation ||T6[ (see also Ref. [|T^]). Under a Lorentz transfor- 
mation A, the bilinears in the Dirac field transform with the associated Wigner rotation 
R{A,ps). For instance we have 



4> (r, a)7^ V> (r, a) ^ R%{KPs) ^ (r, o)^'' I (r, a) 



A 



ip (r, a)Y ^ (t, c?) — ^ '^Z' (t, cr)7° 'i/' (r, a) (scalar), 
ip {T,a)Y {T,a) — s> -R^g(A,ps) (t, ct)7'' 'i/' (t, a) {Wigner ?> — vector), (51) 



and the induced spinorial transformation on Dirac fields will be [S'(A) 1-^ S{R{K,Pf,))-, which 
could be evaluated by using the last of the next formulas] 



A 



^ (r,a) ^ ^' (r,a) = S{R{K,Ps)) (r,a), 
|, =1 '(/2(A,p,)), 

F'(i?(A,p,)) 7^ ^(i?(A,Ps)) = <(A,p,)7^. (52) 

The original variables z^{T,a), p^{T,a), are reduced only to x^ij), p^, on the Wigner 
hyperplane T^tW- On it there remain only six first class constraints 

7r^(r, a) ^ 0, 

r(r, a) = dr'K''{T, a) + eip (r, a)7° ■i/' (r, a) ^ 0, 
if^(r) = p^; - K(p,)if,,K^) + e^MPs))H,r{T)] = 
= u^{Ps)H{t) + e>:{u{p,))Kp,{T) ^ 0, 



or 
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1 o . o o 

-drip (r, a)-fr (r, a)j+mip (r, a) ip (r, a) + 
+ ^(vf^ + B^) (r, a) + eArir, a) | (r, a)7, ^ (r, a) 



Hpr{r) 



(r) = I d^Ui; (r, a)7°"9, ^ (r, a) - 5, ^ (r, a)7°" ^ (r, a)) + 



+ (nAB) (r, a) + eA,(r, a) ^ (r, a)j° tp (r, a) 



{iJ^(r),#^(r)}i; 



- e^(n(p,))F,,(r, a)e:(n(p,))J r(r, a) ^ 0, 

{T{T,a),H^{T)Y^ = {rir,a),r{r,a')r* = {r(r, a), 7r-(r, 

= {7r^{T,cr),H'^{T)}*j; = {7r-(r,a),7r-(r,a')} = 0. 



ID 



(53) 



The constraints Hp{T) ^ identify the Wigner hyperplane Srvy with the intrinsic rest 
frame (vanishing of the total Wigner spin 1 3-momentum of the isolated system) and say 
that the 3-coordinate a = Xcom [^com — ^'^{'^y^com)] of the center of mass of the isolated 
system on T,rw is a gauge variable, whose natural gauge- fixing is Xcom ~ [so that it 



coincides with the origin of T,rw- a;^(r) = z^{t, a = 0)]. See Ref. [T^ for the definition of 
^com the configurations of the Klein-Gordon field. The remaining constraint H{t) ^ 
identifies = fjs^Jt^ with the invariant mass Hrei of the isolated system. 
On T^rW the Dirac Hamiltonian becomes 



Hd = Kr)Hir) - A(r)#p(r) + / rfV /x.(r, a)7r^(r, a) - A,(r, cr)r(r, a 



(54) 



so that x'^ has a velocity parallel to [^^(t) = {x'^,Hd}d = —^{t)u'^{Ps)], namely it has 
no classical zitterbewegung. 
Since H^'^{t) = implies 



- e^MPs)W\Ps)) J d'cxa^-[-{ {T,aM ^ (r, a) + 

- dsip (r, a)7^ ip (r, a) j + m V (^, o") ^ (r, a) + 

+ ^(vf^ + B^) (r, a) + eA(r, a) | (r, a)7. ^ (r, a)] + 



e^^(«(P.))<(Ps) - e,^(«(p.))e^(p.)) j ^ (r, a)7^9, ^ (r, a) + 

a, ^ (r, a)7° (1-, o') + TT A 5 (r, a) + eA,(r, a) (r, a)7° ^ (t, o') 



(55) 



with 
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T = \KiPs,Ps)L%Ps,Ps) J d'a ij (r, a)[Y, ^ (r, a), 

we get the following expression for the rest-frame spin tensor 



(56) 



where 



( - ° 



-dstp (r, a)7^ ^ (r, a)J + m (r, a) V' (t, B) + 
+ ^ (tt^ + (r, a) + e^,(T, a) (r, a)7, (r, a)] + 

|(|(r,a)7°"a,^ (r,a) + 



- 9, (r, a)7°" ^ (r, a)) + (tt A (r, a) + eA,(T, a) (r, a)f ^ (r, a) 



= ^ / I (r, a)[7^ ^ (r, 

is the component connected with the Dirac field. 
On T^tW the Poincare generators are 



(57) 



(58) 



J"" = i'ip's - Ship's + 



_ ^ir^jsgrs 



(59) 



because one can express S^'^ in terms of S^^ = e'^{u{ps))e{u{ps))S'^'' . Only the Thomas 
spin Sr = \erstSst contributes to them. This is the universal realization of the Poincare 
generators associated with the rest-frame Wigner-covariant instant form of the dynamics. 
The electric charge takes the form 



(60) 



and is the weak Noether charge of the conserved 4-current j^{T, a) — —e ip (r, up (r, a), 

Therefore, the rest-frame Wigner-covariant instant form of the system Dirac plus elec- 
tromagnetic fields (pseudoclassical electrodynamics) formaUy coincides with the standard 
noncovariant Hamiltonian formulation of the system on the hyperplanes z°{t, a) — const. : 
only the covariance properties of the objects are different and, moreover, there are the first 
class constraints Hp{T) ~ defining the rest frame. 
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V. DIRAC'S OBSERVABLES AND EQUATIONS OF MOTION. 



As shown in Ref. |T| , the Dirac observables of the electromagnetic field are the transverse 
quantities A{T,a), 7f(r, a), defined by the decomposition 

7r(r, a) = 7f^(r,a) + — [r(r, a) - ^ Q,(r)53(a - r/,(r)) 



1=1 



d - 
ry(r,a) = -— . A(r, a) 



(61) 



while the gauge variables are A^(r, ct) and ri{T,(f), which are conjugate to the first class 
constraints tt^{t, a) ^ 0, T^t, a) ^ 0. 
Since we have 

{ij{T,a),T{T,a')r* = -zeYHr,^)S%a-a'), (62) 

we see that the Dirac field is not gauge invariant. Like in Ref. |]l|, it turns out that its Dirac 
observables are 

^{r, a) = e-*"''("'") ^ (r,a), 
|(r, a) =1 (r, a)e*^''("'"), 



oa o 



representing Dirac fields dressed with a Coulomb cloud. 
By using Eqs. (|6TD we get 



(63) 



tp (r, a)7° ip (r, a) ip (r, (t')7° 



An \ a — a' 



d^an] (r, a) + 



Atx \ a — a' 



(64) 



so that in the Coulomb gauge, 74^(r, a) = 7r'^(r, a) = ri{r,a) = T{r,a) = 0, we have 

H{t) = es- Hreiir) = 

I — f ri r i / - ° 
= Vs\lvi- j d ay-[il}{T,a)'^rdr^{T,a) + 

- drip^T, a)-fr'ip{T, a) + m^/'(r, a)^(r, a) + 
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+ 2^1 + ^) + ^^^r{T, a)i){T, a)7r^(r, a) + 



g2 o 



/ J 47r (7 — o" 



,3_,^(r,a')7°Xr,a') 



0. 



(65) 



Like in Ref. the last term is the nonrenormahzable Coulomb self interaction of the 
Dirac field in the rest frame. The constraints identifying the rest frame take the form 
expected in an instant form of djTiamics [they do not depend on the interaction] 



Hpr{r) 



rl 



(V'(r, a)Ydrip{T, a) - drtp{T, a)7°^/'(r, a)) + (vf^ A b)^{t, a) ^ 0. (66) 



By doing the canonical transformation from the variables x^(r) e p^, to the new 
ones 



Zs = r]s\^P: 



= Vs\/Pt, 

Ps 



Vs\IpI 



(67) 



we arrive at a canonical basis with the rest-frame Lorentz-scalar time and with the 
canonical noncovariant 3-variable Zg [replacing the origin of S^vk] with the same covariance 
of the Newton- Wigner position operator. 

By adding the gauge-fixing — r [which identifies the rest-frame time Tg with the 
parameter r of the foliation of Minkowski spacetime with the Wigner hyperplanes associated 
with the isolated system], whose time constancy implies A(r) = —1, we get the Dirac 
Hamiltonian 



HD = Hrei{T)-\{r)-Hp{r) 



(68) 



where 



rel 



(fa 



r, a)7^(9^z^(r, a) - dr-ipir, a)'jri'iT, a)) + 



1 



+ mV^(r, a)^{T, a) + ^{nl + B^){t, a) 



+ 



+ 



,3 ^3 ,[^(r,a)7°>(r,a)][^(r,a')7'^(r,^')] 



4:71 \ a — a' 



+ 



(69) 



In the gauge A(r) = 0, the Dirac field has the following Hamilton equation 
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= 7°"7r 



An \ a — a 

which can be rewritten in the standard form 



dr — ieAj_r{T, a) iIj{t, a) — zm7°'i/'(r, a) + 



{^7 [dA-ieAA{T,a)]-m}^{T,a) = 0, 



(70) 



(71) 



with 



Aoir, a) 
Analogously we get 



,i>{T,s'yfiiT,3') 

Air \ a — a' \ 



(72) 



^Ij{t, a){-i[dA +ieAA{T, - m} = 0. 



(73) 



Eqs.([7TD and (^) are nonlocal and nonlinear due to the reduction to the rest-frame 
Coulomb gauge. 

For the transverse electromagnetic fields A±{t, a), Tf±{T, a) we get the Hamilton equations 



a.Al(r,a) = {A^^{r,a),HoYD = -vrl(r,a), 
9.7rl(r, a) ^ {Tr^r, a), Hd}*^ = A.Al(r, a) + 



implying the equation 



with 



+ eP'\a) V5(r, a)7Xr, a) 



□.Al(r, a) = P'\a)f{T, a) ^ f^r, a) 



(74) 



(75) 



grgs 



(76) 



The wave equation is actually an integrodifferential equation due to the projector apear- 
ing in the transverse fermionic Wigner spin 1 3-current. 
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VI. CONCLUSIONS 



In this paper we have given the formulation of Grassmann-valued Dirac fields plus the 
electromagnetic field on spacelike hypersurfaces in Minkowski spacetime. Then, we have 
done the canonical reduction of this pseudoclassical basis of QED to the rest-frame Wigner- 
covariant Coulomb gauge, finding a canonical basis of Dirac's observables in the rest-frame 
Wigner-covariant instant form of dynamics. What has still to be done is the extension of 
the theory to include tetrad gravity. 

These results are valid for massive Dirac fields and for all the massive [P^ > 0] configu- 
rations of massless Dirac fields. They also hold for the massive configurations of chiral fields 
simply by replacing everywhere ip with il)± = |(1 ± 75) V'. Instead, the massless [P^ = 0] 
and infrared [P^ = 0] configurations of either massless or chiral fermion fields have to be 
treated separately, because they require the reformulation of the front form of dynamics in 
the instant form like for massless spinning particles (this problem will be studied in a future 
paper). 

Therefore, these results open the path to the reformulation and the canonical reduction 
to a rest-frame Wigner-covariant Coulomb gauge of the SU(3)xSU(2)xU(l) standard model, 
which will be studied elsewhere. 

However, the rest-frame Wigner-covariant instant form evidentiates that there is a 
nontrivial problem in the description of fermion fields: Eq.([53|) shows that the geometri- 
cal Minkowski 4-vector normal to the Wigner hyperplane S^vy is the sum of an even 
"bosonic" part determined by the electromagnetic field plus a "fermionic" part bilinear in 
the Grassmann-valued Dirac fields. In absence of the electromagnetic field, would weakly 
become a bilinear in Grassmann variables, but this is inconsistent from both a geometrical 
point of view and from an algebraic one [one can neither define nor divide by it to get 
the standard Wigner boost due to the nilpotent character of Grassmann variables] . It seems 
that the Wigner hyperplanes and the rest-frame description of an isolated pseudoclassical 
Dirac field is impossible due to the necessity of having it Grassmann-valued as it is required 
to evaluate the fermionic path integral. 

But this does not sound reasonable. Something is missing. In Ref. [l^, we have seen that 
a spinning particle with a definite sign of the energy (but this holds also for the ordinary 
spinning particles) is described by a fibration: there is a scalar particle (the tracer of the 
Minkowski worldline, i.e. the path of the electric current if the spinning particle is charged) 
with a Grassmann fiber over it describing the spin structure and this is particularly evident in 
its supersymmetric description with the superfield = + 9^^^ [rB|| [^^ are the Grassmann 



variables for the spin description, which go into the Dirac matrices after quantization]. As 
said in Ref. [|l5l, one expects that this fibered structure should survive in first quantization: 



the electron wave function is expected to be some kind of scalar superfield ^o+^V'-D; where (pn 
is a charged Klein-Gordon wave function (restricted to its lower level, with the same degrees 
of freedom of a scalar particle, to avoid the introduction of spurious levels in bound state 
spectra) and is the ordinary Dirac wave function [^d should live in a Clifford fiber over 
(po]- This superfield does not describe a supersymmetric multiplet {selectron, electron}, 
but the fibration associated with the spin structure [see Ref. [^] for the description of the 
pseudoclassical photon as a ray of light with a Grassmann fibration describing the spin 
structure, namely the light polarization]. The obstacle to arrive at this point of view is that 
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the first class constraint — m? has always been quantized in a form which corresponds 
to the square of the Dirac equation so that it acts on Dirac wave functions. But at the 
classical level it describes the bosonic scalar particle tracing the worldline so that it has to 
be quantized so to act on Klein-Gordon wave functions. The double role of this constraint 
is to give a consistency between what happens on the base (Minkowski spacetime) and what 
happens on the fiber. 

Therefore, one expects that also Dirac fields should be replaced by a fibration (p + Oip 
describing the spin structure with a pair {ip,ilj), where iJj is the Grassmann- valued Dirac 
field and ip a charged Klein-Gordon field suitably restricted. 

We shall study this problem elsewhere. A guide to its solution will be to find the way 



to extract the rest-frame constraints of the spinning particle of Ref. |15| from the fermion 
field theory, in the same way in which the analogous constraints for a scalar particle were 
extracted by the rest-frame description of scalar electrodynamics in Ref. by using the 



Feshbach-Villars transformation |]T3; now both Feshbach-Villars and Foldy-Wouthuysen pi] 



transformations will be needed. The other ingredient will be the individuation of the sub- 
space of Klein-Gordon configurations with the same degrees of freedom of a scalar particle 
[monopole configurations], by using the technology developed to study the canonical separa- 
tion of the center-of-mass degrees of freedom from the relative ones for Klein-Gordon fields 

Let us remark that the same problems are present in the nonrelativistic description of 
fermion fileds [Grassmann-valued Dirac spinors are replaced by Grassmann-valued Pauli 
spinors], needed for the theory of Cooper pairs in superconductivity. 

The problem of quantization of isolated systems in these rest-frame Wigner-covariant 
Coulomb gauges is an open problem [see Refs. |^,^| for what is known on the quantization 
in the Coulomb gauge], which will be the subject of future investigations trying to use the 

M0ller radius p = ^f-W^jP'^ = \S \l \/ P"^ os. ^ physical ultraviolet cutoff [0]. 
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APPENDIX A: FOLIATIONS OF MINKOWSKI SPACETIME WITH FAMILIES 

OF SPACELIKE HYPERSURFACES 



Let us review some preliminary results from Refs. needed in the description of 
physical systems on spacelike hypersurfaces. 

Let {S,-} be a one-parameter family of spacelike hypersurfaces foliating Minkowski space- 
time and giving a 3+1 decomposition of it. At fixed r, let z'^{T,a) be the coordinates 
of the points on St- in M"^, {a} a system of coordinates on S,-. If = (a'^ = T;a = {cx'^}) 
[the notation A = (r, f) with f = 1,2,3 will be used; note that A = t and A = f = 1,2,3 
are Lorentz-scalar indices] and = d/da"^, one can define the vierbeins 

4(r, a) = d^z'^ir, a), d^z\ - dj,z% = 0, (Al) 

so that the metric on E,- is 

9ABi'^^ ^) = Z^A^'T^ 0')'7mi'4(^' 9rr{,r, o) > 0, 



g{T,a) = -det\\g^Bi'^,a) \ \ = {det\\z'^{T,a) ||) , 

j{T,a) = -det\\gfs{T,a)\\. (A2) 



If 7^'^(r, a) is the inverse of the 3-metric gfs{T,a) [7™(r, (T)(7,us(r, cr) = 6^], the inverse 

7(r, a) 



g^^{T, a) of gAB{r, a) [^^^(r, a)g^i{T, a) = 5^] is given by 



g^^{r,a) = -[^gr^r%T,a), 
9 

gf\r, a) = Y'{t, a) + [Ig^^g^.^^^^'^r, a), (A3) 

9 



so that 1 = g'^'^ij, a)g^^{T, a) is equivalent to 
9{'r, ff) 



7(r, a) 



grr{r, a) - -i'''{t, a)grf{r, a)grs{T, a). (A4) 



We have 



and 



where 



z>^{t, a) = Uk^ + grfl''z'i){T, a), (A5) 
V 7 



r/'^'^ = 4(r,a)/^(r,a)4(r,a) = 

= (rr + ^,V%^)(r,a), (A6) 



r{T,a) = {^e\p,ztzlzl){T,a), 

l\T,a) = l, l^{T,a)z^f{T,a) = Q, (A7) 



24 



is the unit (future pointing) normal to S,- at z^{t, a). 

For the volume element in Minkowski spacetime we have 



lg{T, a)dTd^a. (A8) 



Let us remark that according to the geometrical approach of Ref. ||2^,one can use 
Eq.M in the form z^(r,a) = iV(r, a)/^(r, a) + N'\T,a)z!^{T,a), where = ^fg/j = 



V 9tt — Y^grfgrs and A^*" = grsY^' are the standard lapse and shift functions, so that 

g^^ = + grsN'N^grf = gfsN'^g^^ = N~\g-' = -N'/N',g'' = 7'' + ^, 

The cotetrads z^{T,a) have the expression 
z;ir,a) = j^^Ur,a), 

a) = -^^^^j^l,{r, a) + /^"(r, a)^,,(r, a). (A9) 
iV [T, a ) 

The rest frame form of a timelike fourvector p'^ is P = rjy^^l; 0) = r|^°r|^/p^, P"^ = p^, 

o 

where rj = signp°. The standard Wigner boost transforming P ^ into p^ is 

L^u{p,P)=^'u{u{p)) = 

M , ^p^k iP^ + p^)iPu + k) _ 

/' p- P +p2 



1 + u°{p) 

u = e'^{u{p)) = u^^{p) = p^/r]\jjp', 

v = r <{n{p)) = {-uAp\X~''^^^). (AlO) 

o o 

The inverse of L^y{j)^V) is L^^(p, p), the standard boost to the rest frame, defined by 

L\(p,p) = U''{p,p) = (All) 

Therefore, we can define the following vierbeins [the e^(M(p))'s are also called polarization 
vectors; the indices r, s will be used for A=l,2,3 and for A=0] 

eMp)) = L^A{p,P), 

e^iu{p)) = L\{p,p) = r^^%^eUu{p)), 

= Vfiu^oiuip)) = Uf,{p), 

ei{u{p)) = -6^VrHp)) = i^^'^py^^'-^'^^^P^^ 

e>{p)) = ua{p\ (A12) 
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which satisfy 

r=l 

Vab = e^(M(p))r/^^e^(M(p)), 
d d 

Pa^fAHP)) = Pa^fMP)) = 0- (A13) 



The Wigner rotation corresponding to the Lorentz transformation A is 

1 \ 
R'iiKp) i ' 



i?^(A,p) = [L{P,p)K-'L{Kp;p)]\ - ° 



R'j{A,p) = (A- 



PpiA-'yo+vVp" 



po^^^iy '0 Pp{A-^)po + vVp^ 

The polarization vectors transform under the Poincare transformations (a, A) in the 
following way 

e(f(«(Ap)) = (i?-i)/A^6r(«(p)). (A15) 
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APPENDIX B: LAGRANGIAN FOR DIRAC FIELDS ON SPACELIKE 

HYPERSURFACES. 



In tetrad gravity, given a 3+1 splitting of a globally hyperbolic spacetime with metric 
'^g^i, [fi are world indices, (/i) are flat rectangular Minkowski indices] , one writes the following 



action for Dirac fields ilj{T,a) = ilj{z{T,a)) (see Refs. [p!3| , p!2| 



2 

milj^-f^°^){T,a) = I dTd^aC{T,a), (Bl) 



where 

i) 4E(^)(r,CT) = b^{T,a)^El^^^{T,a) [bj{T,a) = da^{z)/dz''{T,a)] are cotetrads in coor- 
dinates = (r; a) adapted to the spacelike hypersurfaces leaves of a foliation giving a 
3+1 splitting of [^Ef^^ ^r|^^^)M = 4^ab (^^^Miu) ^^le flat Minkowski inverse met- 
ric) with '^g^^{T,a) inverse of the metric '^gAB = ^^^^'^fi'^!^ = ^-^^^ ''-^i^^ where 
^Ef{r, a) = b'i{r, a) %^\t, a) are tetrads, 'Ef ^EJ) = sl^, 'Ef 'E^^ = Sf]; 

ii) 7^^) are fiat Dirac matrices: [7(^),7(^)]+ = 7(^^)7^ + 'y('')^(t') = 2 ^r/^'^)^'^), a^'^)^'^) = 

iii) = — f ^A(^t)(i/)^^''^^'^'' is the spinor covariant derivative {d^ = d/da^) and 
^^A(fj.){u) is the 4-spin connection [see Ref. [|l^ for its expression in terms of cotetrads]; 

iv) iV(r, a) is the lapse function and ■j{t, a) = det^gfs{T, a) fgfs = —'^drs]- 

See Ref. for the 3+1 splitting of the 4-spin connection in terms of the 3-spin con- 
nection [function of cotriads on S^], and lapse and shift functions. In the Hamiltonian 
version of tetrad gravity cotriads, lapse and shift functions are the independent variables. In 
this case the tetrads ^E^j^^r, a) correspond to a S^-adapted anholonomic basis of coordinates 
in the spacetime M^. 

When we consider a 3+1 splitting of Minkowski spacetime with a family of spacelike 
hypersurfaces the tetrads ^E^^^ (r, a) and cotetrads ^-E^^) (r, a) go into the fiat tetrads 



dz'^^\T,(r) / da^ and cotetrads z^^-^ij^cr) = da^{z)/dz^^^\T, a) respectively cor- 
responding to a holonomic basis for Minkowski spacetime. Since in this paper we consider 
only Minkowski spacetime, from now on we shall drop the distinction betwenn flat and world 
indices, z^^\T,a) = z'^{T,a). 

Since in the holonomic basis for Minkowski spacetime the 4-spin connection vanishes, 

^rlc(r, ^) = l ^g^^{T, a) Id A ^gcoir, a) + dc ^gAoi^, ^) - do ^gAci-^, ^] 



2 

4 



^.;l(r, a) = z^r, a) [dAZ^{T, a) + ^r-^(r, a)z^\r, a)\ = 0, (B2) 
the action for Dirac fields becomes 



S = I drd'aNir, a)^^{T, a)[-^^YiYzidA - Ba zi^)^ - m^^Y^]{T, a). (B3) 
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The normal l^{T,a) = [■^e^ai3'yZiZ^zJ]{T, a) to T,^. is timelike, so that if I = (1;0), 

o oi^ 

one has /^(r, a) = L^y{l{T, a), 1)1 by using the corresponding Wigner boost. One can then 

define new flat (nonholonomic) tetrads °z\{T,a) through 2;^(r, a) = L'^i,{l{T,a), l)zj^^{T,a) 

oA ° 

and the corresponding cotetrads through 2;^(t, a) — (r, d)L" ^ilir, 0- C)ne finds 



o 



r,a) = (iV(r,a);iV^>,a) ^e^r, a 



Zr (r, cr) = (0;^ e^r, cr) = 4(t, (t) - ^ ^ ^^^^ 



r 



where now N — \fgpii — QtsY^ (see Appendix A) . 
The metric becomes 

o o 

9ab{^^ ^) = ^)Vni'Z''^{^, a) = z\{t, u)r]^^z\{T, a), 
^9rs{r, a) = z^{r, a)r]^^Zg{r, a) = -^et(T, CT)^e|(T, a), 

g^^ir, a) = z^ir, a)^^^z^{T, a) = z}{t, a)r^z}{T, a). (B5) 

In this case cotriads '^e[(r, a), triads ^e*:(r, a) 
pel(T, a)^e|(T, a) = ^el(T, a)^e^(r, a) = lapse A^(t, a) and shifts N''{t, a) [whose 

expression is given in Appendix A] are all functionals of the independent variables z'^ (r, a) 
[which do not exist in general relativity, which has no global holonomic basis], the coor- 
dinates describing the embedding of 3-surfaces as spacelike hypersurfaces E,- in Minkowski 
spacetime. 

Let us now consider point dependent Lorentz transformations 
^(r,a) ^ i:'{r,a) = S(A(r,a))^(r,a), 

i^ir, a) ^ i;'{T, a) = i^ir, a)S-\A{T, a)). (B6) 
and their action on the 4-spin connection 

a)Air, a) 5(A(t, a)) 'oo^ir, a)S-\Air, a)) - d^SiAir, B))S-\A{t, a)). (B7) 

o 

for A(r, a) — L{1{t, a), I) [see Appendix C for the associated Lorentz transformation]. Then, 
by using 

^{T,a) = S-\L)ij, 
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o 4 ° 



A5 



Q = ^uj^ = S{L) ^^aS~\L) + d^SiL) S~\L), 
we get the following form for the action for Dirac fields 



(B8) 



S 



(B9) 



An analogous action could be written in tetrad gravity by using the expression of the 
4-spin connection in terms of cotriads, lapse and shifts and this is the form of action to be 
used for defining the Hamiltonian description of fermion fields in tetrad gravity [one could 
also use Eg. ([BID "with the 4-spin connection expressed in terms of cotriads, lapse and shifts]. 

In Minkowski spacetime it is more convenient to use Eg . (p^ ) [namely Eg. (|BlD in a 
holonomic basis] rather than either Eg.(|B9|) or Eg.(|Bl|) in other bases. 

For instance in pseudoclassical electrodynamics in an arbitrary basis, Eg.(pi|) becomes 
[for the sake of simplicity we write for ip and ip for ip'^j"] 



£(r, a) = iV(r, a)J^{T, a){^V^(r, a)7^<(r, - D^)^(r, a) + 



A, 



+ ev4^(T^, {t. o)'\\){t, a) - m^/'(r, a)V^(r, a) + 



^/^(r, cr)^--(r, a)F^^(r, cr)F^^(r, a)} 



iV(r, a) v/7(r, a^){^^(r, a)7^^^ (r, a)5^^(r, a) - ^9^^(r, a)7^<(r, a)^(r, a) + 



{r, a)ip{T, a) - mil){T, a)^(r, a)} + 



+ eA^(r, a)^(r, a)-i^'z^ (r, a)^(r, a) - mV^(r, a)?A(r, a) + 
- ^/^(r, a)/^(r, ^)i^cD(^, ^)}, 



(BIO) 



to be compared with Eg.(B^) in the holonomic basis for the Dirac subsystem. 

In the nonholonomic basis (p^) and without the electromagnetic field for the sake of 
simplicity, Eg.([BTD becomes 



£(r,a) = iV(r, a)^7(r, a^){^^(r, S)^'t,{T, a)(^A - B^)^(r, a) + 

o ^ o o o 

+ eA^(^, o')7''^u o')^(r, a) - mV^(r, a)?A(r, a) + 



/^(r, a)^«-(r, cr)F^5(r, a)Fcn{r, a)} 



7(^,o^){2 (^(^>^)7 9^V^(r, a) - 9^^(r, a)7 ^(r,a)j + 



-iV^(r, a) V^(r, a)7°9,V'(r, a) - 9,V'(r, a)7V(r, a) + 
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' ^,,(r, a)^(r, a)7°y74(r, a)-'- {Tt'K{t, a)) ^i,{T, a)7V(r, a)} + 



8 



if- 1 ° ■° - ° 

- {dfip{T, a) - -"^(jJfjkir, a)^{T, a)^ 7^ J ^e[(T, a)Yip{T, a) - mip{T, a)ij{T, a)}, 



where ['^Kij is the extrinsic curvature of E,- embedded in Minkowski spacetime] 

J^,j{t, a) = {'e,r{T, a) =^e}(r, a) + 3 ^e,r{T, a) ^ef (r, a)) dsN'{r, a) + 



Kfsir, a] 



- N'{t, a) [h,s{r, a)dr^el{T, a) +3 ^ejs{T, a)dr 'ef (r, a)) + 
= ^^^^ [dsNf{T, a) - dfNs{T, a) - dr ^gfs{r, a) 



(Bll) 



Tr'K{T, a) = -%iT, a) 'e^ir, a)d,N\T, B) + N'{t, a) ^e^r, B)df 'e|(T, B) + 



- V(t, a)a/e[(T, B). 



(B12) 
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APPENDIX C: TRANSFORMATION PROPERTIES OF THE DIRAC FIELD 

UNDER WIGNER BOOSTS. 



We can give an exponential form p3[ of the Wigner boost of Eq. ([A9| 



L^(p,p)=exp[a;(p)/(p)]^ = 

= [cosh{u{p)I{p)) + sinh {u{p)I{p))]^i_, = 

= [/ — I^{p) + I'^ip) coA\uj{p) + I{j>) ?,mh.uj{pyf' I. 

L'',{p,p) = exp[-uj{p)I{p)f„ 



(CI) 



where 



coshu;(p) 



sinh c<j(p) = ri 



b1 



m = II KvY.u 



-f 
^ . 



= -hM^ ^\v) = Hp)- (C2) 

If we consider the generating function of the canonical transformation of Eq. (^0]) 

HPs) = lu;{ps)lMS''\ (C3) 

with S^^^ the total spin of Eq.(^) [and not only Sj!'^ as one would have for scalar fields], we 
get 

o 

^ (r, a) = exp{J^, ^) = 

= ^(r, a) + ^(r, cr)}l, + ^{^, ^(r, a)}!,}!, + ... = 



exp [-uj{ps)If,u{Ps)(^^'']'^ir, a). 



(C4) 



This shows that this canonical transformation implements on the Dirac fields the action 
of Wigner boosts realized by using the standard representation of Lorentz transformations 
in terms of Dirac matrices ||2^ 



S{L{Ps,Ps)) = exp [-uj{ps)H,{ps)a'''] 



(C5) 



Since we have from Section IV 



{x^,ij{T,a)}}, = {x^,S{L{Ps,PsmT,a)} 



D 



-S {L{Ps,Ps)) -ip {T,a) + 



dPsf, 
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AB- 



S{L{p,,Ps))a''''S-\L{k,Ps)) ^ (r, a) 



OPs^, 

- jV'^B^h^ L%{ps,Ps)(r ^ ^ (r,o-), 

O ° 

to verify {x^,?/; (r, a)}^ = 0, see Eq.(|3D, we need the evaluation of ^^^^^^/'^"^^ 



(A) 



(C6) 



In Ref. p5[, there is the following formula 



Jo oX 



(C7) 



giving the derivative with respect to a continous parameter A of the exponential of an 
operator B{X). If we put 



4 2 \p,\ 



S{L{h.Ps)) = e^^^^\ 
and if we suppose = (A), we have 



d\ dps 



9A " k dX ^ ^ 



dX 

'^^"A'(^) ^^^xAjpsM) dA{ps{X) ) ^_^A{p, (A)) ^A{p, (A)) _ 

9 A Jo 



This implies 

dS{L(Ps,Ps)) de^^P^^ 



dps 



dPsf, 



dA{p, 

dPsa 



[^-xA{ps)^A(ps) _ 



Following Ref. p5|, the solution of this equation is 



9Ps^, S 



n + 1 ! 



where [A", B] means 



[A^,B] = B, [A\B] = AB-BA, 
[A"+\B] = \a, [A", 5]". 



(C8) 



(C9) 



(CIO) 



(Cll) 



(C12) 



From the following commutators of Dirac matrices 
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(C13) 



and using Eq.(|C2|), we get 



dSiLiPs,Ps)) 

dPsa 



Psi(T 



+ 



Psi(7 



S{L{p,,p,)) 



I de^iuips)) 



dps 



L%{p,,Ps)a^'^]S{L{Ps,Ps)). 



(C14) 
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